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Abstract 

Wc classify the discriminantly separable polynomials of degree two 
in each of three variables, defined by a property that all the discrim- 
inants as polynomials of two variables are factorized as products of 
two polynomials of one variable each. Our classification is based on 
the study of structures of zeros of a polynomial component P of a 
discriminant. 

From a geometric point of view, such a classification is related to 
the types of pencils of conies. We construct also discrete integrable 
systems on quad-graphs associated with the discriminantly separable 
polynomials. We establish a relationship between our classification and 
the classification of integrable quad-graphs which has been suggested 
recently by Adler, Bobenko and Suris. As a fit back benefit, we get a 
geometric interpretation of their results in terms of pencils of conies. In 
the case of general position, when all four zeros of the polynomial P are 
distinct, we get a connection with the Buchstabcr-Novikov two-valued 
groups on CP 1 . 
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1 Introduction: an overview on discriminantly sep- 
arable polynomials 

In a recent paper [13] of one of the authors of the present paper, a 
new approach to the Kowalevski integration procedure from [19] has been 
suggested. It has been based on a new notion introduced therein of the 
discriminantly separable polynomials. A family of such polynomials has been 
constructed there as pencil equations from the theory of conies 

J 7 (w,xi,x 2 ) = 0, 

where w, x±,x 2 are the pencil parameter and the Darboux coordinates re- 
spectively. (For classical applications of the Darboux coordinates see Dar- 
boux's book [IT], for modern applications see the book [15] and [12] .) The 
key algebraic property of the pencil equation, as quadratic equation in each 
of three variables w,xi,X2 is: all three of its discriminants are expressed as 
products of two polynomials in one variable each: 

V w {T)(x u x 2 ) = P{x 1 )P{x 2 ) 

V Xl (T)(w,x 2 ) = J(w)P(x 2 ) (1) 
P l2 (7)(w,ii)=P(ii)J(ffl) 

where J, P are polynomials of degree 3 and 4 respectively, and the elliptic 
curves 

r x : y 2 = P(x), F 2 :y 2 = J(s) 
are isomorphic (see Proposition 1 of |13j ) . 



2 



The so-called fundamental Kowalevski equation ([2]) (see [19], |18j . |17j ) 
appeared to be an example of a member of the family, as it has been observed 
in [TS]: 

Q(s,xi,x 2 ) := (xi-X2) 2 (s-^) 2 -R(xi,X2)(s- l -^)-^Ri(x 1 ,x 2 ) = 0, (2) 

where R(x\,X2) and Ri(x\,x 2 ) are biquadratic polynomials in x\ and X2 
given by 

R(xi,x 2 ) = — x\x\ + 6/1x1x2 + 2lc{x\ + x 2 ) + c 2 — k 2 
Ri(xi,x 2 ) = — 6/ixfx 2 . — (c 2 — k 2 )(x\ + x 2 ) 2 — 4lcx\X2(xi + X2) 
+ 6h(c 2 -k 2 )-4c 2 l 2 . 

The discriminant separability condition 

V.(Q)(xi,X2) = P(x l )P(x 2 ), V Xi (Q)(s,x 2 ) = J(s)P( Xj ) 
is satisfied with polynomials 

J( s ) = As 3 + (c 2 - k 2 - 3/ 2 )s - l 2 c 2 + hk 2 + he 2 
P(xi) = -xf + 6hx 2 + Alcxi + c 2 -k 2 ,i = 1, 2. 

Moreover, as it has been explained in [p3], all the main steps of the Kowalevski 
integration procedure from [19] (see also [18], [IT]) now follow as easy and 
transparent logical consequences of the theory of discriminantly separable 
polynomials. 

There are two natural and important questions in this context: 

1) Are there any other discriminantly separable polynomials of degree two 
in each of three variables, beside those constructed from pencils of conies? 
In addition, the question is to perform a classification of such polynomials. 

2) Are there other integrable dynamical systems related to discriminantly 
separable polynomials? 

The main issue of this paper is to address these two key ques- 
tions. 



In order to make precise the first question, one needs to specify a gauge 
group or the classes of equivalence up to which a classification would be 
performed. This leads to the group of Mobius transformations, as introduced 
in Corollary 3 of [13j : 



a\x\ + h a 2 x 2 + b 2 a 3 w + b 3 

xi h-> — , x 2 H- — , wh-> — . (3) 

c\x\ + d\ C2X2 + U2 C3W + 0(3 
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The family of discriminantly separable polynomials in three variables of 
degree two in each of them, constructed from pencils of conies served as a 
motivation to introduce more general classes of discriminantly separable 
polynomials. Let us recall here the definitions from [13]: a polynomial 
F(xi, . . . , x n ) is discriminantly separable if there exist polynomials /j(ccj) 
such that for every i = 1, . . . , n 

T^xiF{ x i, . . . , £i, . . . , x n ) = J^J fj(xj). 

It is symmetrically discriminantly separable if ji = = ■ ■ ■ = f n , while it 
is strongly discriminantly separable if /i = /2 = /3 = • • • = f n - It is weakly 
discriminantly separable if there exist polynomials //(xi) such that for every 
i = 1,... ,n: T> Xi F(x 1 ,.. x n ) = H ; .,,/,'(•'•, )• 

The classification of strongly discriminantly separable polynomials T(x\, X2, X3) 
of degree two in each of three variables modulo fractional-linear transforma- 
tions from formulae ([3]) with a\ = a<i = 03, b\ = 62 = ^3, c\ = C2 = C3, <ii = 
<i 2 = <i 3 , as the gauge group, is one of the main tasks of the present paper. 

This classification is heavily based on the classification of pencils of conies 
(see |15j . for example, for more details about pencils of conies). In the case 
of general position, the conies of a pencil intersect in four distinct points, 
and we code such situation with (1,1,1,1), see Fig. 1, and denote it by 
A. It corresponds to the case where polynomial P has four simple zeros. 
In this case, the family of strongly discriminantly separable polynomials 
coincides with the family constructed in [13] from a general pencil of conies. 
This family, as it has been indicated in [13] . corresponds to the two- valued 
Buchstaber-Novikov group associated with a cubic curve 

r 2 : y 2 = J(s). 

Two- valued groups of the form (I^, Z2) have been introduced in [7]. The so- 
called Kowalevski change of variables appeared to be an infinitesimal of the 
two- valued operation in this group, see [13]. (The theory of n valued-groups 
originates from a pioneering paper [9]. For a modern account see [6], and 
for higher-genus analogues, see [8].) 

Other cases within the classification with a nonzero polynomial P corre- 
spond to the situation where: 

B the polynomial P has two simple zeros and one double zero, we code 
it (1, 1, 2), and the conies of the corresponding pencil intersect in two 
simple points, and they have a common tangent in the third point of 
intersection, see Fig. 2; 
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C the polynomial P has two double zeros, code (2,2), and the conies 
of the corresponding pencil intersect in two points, having a common 
tangent in each of the points of intersection, see Fig. 3; 

D the polynomial P has one simple zero and one triple zero, (1,3), and 
the conies of the corresponding pencil intersect in one simple point, 
and they have another common point of tangency of third order, see 
Fig. 4; 

E the polynomial P has one quadriple zero, (4), and the conies of the 
corresponding pencil intersect in one point, having tangency of fourth 
order there, see Fig. 5. 

For more details, see Section [2 

Referring to the second key question, about constructing other integrable 
dynamical systems related to discriminantly separable polynomials, we ad- 
dress it in the following direction: to trace a connection between the dis- 
criminantly separable polynomials of degree two in each of three variables 
with the discrete integrable systems on quad- graphs. See [3] and [I] for more 
detail about the quad-graphs; some basic notions from there are collected 
in Section [3l For each discriminantly separable polynomial we construct ex- 
plicit discrete integrable system in Section [3l Thus, we establish a natural 
correspondence between our classification of discriminantly separable poly- 
nomials of degree two in three variables, mentioned above and described in 
Section and the classification of integrable quad-graphs performed in [4] . 
This correspondence gives, as a fit back benefit, a geometric interpretation 
of constructions of Adler, Bobenko and Suris in terms of pencils of conies. 
Developing further this correspondence, in the case coded (1, 1, 1, 1), with a 
polynomial P with four distinct zeros, we come to the conclusion that such 
integrable quad-graphs are related to the two-valued Buchstaber-Novikov 
groups associated with elliptic curves, i.e. those defined on CP 1 . 

Recently, a new class of geometric quad- graphs, of the so-called line 
congruences, associated with pencils of quadrics has been introduced in [16j . 



2 Classification of strongly discriminantly separa- 
ble polynomials of degree two in three variables 
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In this section we will classify strongly discriminantly separable polyno- 
mials F{x\, X2, X3) G C[x±,X2,X3] which are of degree two in each variable, 
modulo a gauge group of the following fractional-linear transformations 

ax\ + b ax2 + b 0x3 + 6 

x\ i-> —t, x 2 !->• — , x 3 ^ — - (4) 

cxi + a CX2 + a CX3 + a 

Let 

2 

J r (xi,x 2 ,3;3) = ^ a ijk x\x\x\ (5) 

i ,j,k=0 

be a strongly discriminantly separable polynomial with 

V Xi T( Xj ,x k ) = P(xj)P(x k ), (i,j,k)=cp.(l,2,3). (6) 

Here, by V Xi T(xj, x k ) we denote the discriminant of T considered as a 
quadratic polynomial in Xj. 

By plugging ([5]) into ([6]) for a given polynomial P(x) = Ax 4 +Bx 3 +Cx 2 + 
Dx + E, we get a system of 75 equations of degree two with 27 unknowns 

Theorem 1 XTie strongly discriminantly separable polynomials ^F(xi,X2,xs) 
satisfying fifjj) modulo fractional linear transformations are exhausted by the 
following list depending on the structure of the roots of a non-zero polynomial 
P(x) : 

(A) P has four simple zeros, with the canonical form P(x) = (k 2 x 2 — l)(x 2 — 
1), 

Ta =-^(—k 2 x 2 — k 2 x\ + 1 + k 2 x\x\)x\ + (1 — k 2 )x\X2X^ 
+ + x 2 — k 2 x\x\ — 1), 

(B) P has two simple zeros and one double zero, with the canonical form 
P(x) = x 2 - e 2 , e / 0, 

Tb = X1X2X3 + ^-{x\ + x\ + x\ - e 2 ), 
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Figure 1: Pencil with four simple points 




Figure 2: Pencil with one double and two simple points 

(C) P has two double zeros, with the canonical form P(x) = x 2 , 

Tc\ = Xx 2 x 2 + fixiX2%3 + vx\ fi 2 — 4Af = 1, 

Fci = ^Xl x 2 x 3 + HX1X2X3 + V, fJ 2 — 4Af = 1, 

(D) P has one simple and one triple zero, with the canonical form P(x) = x, 

•F D = -\{x\x 2 + x 2 x 3 + xtx 3 ) + \(x\ + x\ + x\), 
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Figure 3: Pencil with two double points 




(E) P has one quadruple zero, with the canonical form P{x) = 1, 



?E\ = H x l + X2+ X 3 ) 2 + fl(xi + X 2 + X3) + V, /J 2 - \\v = 1, 

Fe2 = A(x 2 + x 3 - xi) 2 + fi(x 2 +x 3 - X\) + u, /j 2 - 4Xu = 1, 

Fe3 = + X 3 - X2) 2 + fi(x\ + X 3 - X 2 ) + i>, fl 2 - 4\v = 1, 

Te4 = A(xi + x 2 - x 3 ) 2 + ijl(xi + x 2 - X3) + is, fj 2 - \\v = 1. 

TTte corresponding pencils of conies are of types (1,1,1,1), (1,1,2), (2,2), 
(1,3) and (4) in the cases (A)-(E) respectively. (These pencils are presented 
on Figures 1-5 respectively.) 
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Figure 5: Pencil with one quadruple point 



Proof. Proof is done by a straightforward calculation by solving the system 
of equations © for the canonical representatives of the polynomials P. For 
example, in the case when 

P(x) = (k 2 x 2 - l)(x 2 - 1), 

as the solutions of the system ([6]) we get the polynomials: 

k 2 k 2 1 k 2 
FAi h2 = ±{(-—x\ - —x\ + - + — x\x 2 2 )x\ + (1 - k 2 )x Y x 2 xi 

1 2 , 1 2 ^22 1\ 

2~ Xl 2 X2 ~2 XxX2 ~ 2' ' 

k 2 k 2 1 k 2 
?A2 li2 = ±((-—xl - —x\ + - + —x\x 2 2 )x\ + (- 1 + k 2 )xix 2 xz 



1 2 ^"2 ^ 2 2 \ 



k k k k 
■^A3i, a = ±((^ ~ 2 X i ~ 2^ + Y x i x 2)^3 + (! - fc 2 )^^^ 

/l 2 ^2 ^22 ^ \\ 

k k k k^ 
•^41,2 = ±((2 - 2 X i ~ 2^ + ~2 X * X ^ X ^ + + k 2 ^ 1 ^ 3 

k r) k ry k ry r\ 1 , \ 

2 1 2 2 2 1 2 2/c ; 
The polynomials .Faii 2 an d Fa2i 2 are equivalent modulo the fractional- 
linear transformations ^ Xi 1— >■ — Xj, z = 1,2,3. The same is true for the 
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polynomials -7"A3i, 2 an d .Fa4i,2- 

Further, acting by the transformations Xj i-> l/(focj), i = 1,2,3, on 
•^431 (^l) %2, X3) we get the gauge equivalence between Fai x 2 and TaZi 2 . 
In the same way we get the polynomials in the cases [B]-[D]. □ 

We consider more closely the case when P(x) has four simple zeros. 

Proposition 1 In the case when the polynomial P{x) has four simple zeros, 
all strongly discriminantly separable polynomials J-{x\,x 2 ,x 3 ) satisfying ^) 
are, modulo the fractionally-linearly transformations, equivalent to 



J 7 (x 1 ,X 2 ,X 3 ) = (X 1 +X2+X 3 )(AXIX2X 3 - 53) - [XlX 2 +X1X3 + x 2 x 3 + — 



Here, g 2 and g 3 denote the coefficients of the Weierstrass normal form 4x 3 — 
g 2 x — g 3 . For a polynomial P(x) = A + ABx + 6Cx 2 + ADx 3 + Ex 4 , these 
coefficients are given by g 2 = AE-4BD + 3C 2 , g 3 = ACE + 2BDC - AD 2 - 




(7) 



Proof. The gauge transformation 




B 2 E - C 3 . 



□ 



Notice that expanding ([7]) as a polynomial of x 3 , it becomes 



P(XI,X 2 ,X 3 ) = -(Xl - X 2 ) 2 xl + (2x\x 2 + 2X1X2 - g 3 - Xly - x 2 y )x 3 

2 

~ 16 ~ Xl93 ~ Xx%2 ~ X293 ~ ~2°° lX2 - 



(8) 



Comparing with [7J we get 
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Corollary 1 If a polynomial P has four simple zeros, all strongly discrimi- 
nantly separable polynomials T satisfying ([6j) are equivalent to the two-valued 
group 

[X\X2 + X 2 Xz + XiX 3 )(4 + 53X1X2X3) = \Xi + x 2 + x 3 J . 



3 From discriminantly separable polynomials to 
integrable quad-graphs 

Now, we will establish a connection between the discriminantly separable 
polynomials and the theory of integrable systems on quad graphs. Latter has 
been developed by Adler, Bobenko, Suris [3],|I], see also p], [2]. Moreover, 
we are going to construct an integrable quad graph associated to an arbitrary 
given discriminantly separable polynomial. 

Recall that the basic building blocks of systems on the quad-graphs are 
the equations on quadrilaterals of the form 

Q(xi,x 2 ,x 3 ,x 4 ) = (9) 

where Q is a polynomial of degree one in each argument, i.e. Q is a mul- 
tiaffine polynomial. The field variables x, are assigned to four vertices 
of a quadrilateral as in a Figure 6. Besides depending on the variables 
xi, ...,X4 S C, the polynomial Q still depends on two parameters a, (3 G C 
that are assigned to the edges of a quadrilateral. It is assumed that opposite 
edges carrie the same parameter. 

X 4 X 3 



Q 



Figure 6: An elementary quadrilateral. A quad-equation Q(x±, X2, X3, X4) = 
0. 



Equations of type Q are called the quad- equations. The equation ([9]) 
can be solved for each variable, and the solution is a rational function of the 
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other three variables. A solution (x\, x?, X3, X4) of equation ([9|) is singular 
with respect to Xi if it also satisfies the equation Q Xi {xi, X2, X3, X4) = 0. 

Following [3] we consider the idea of integrability as a consistency, see 
Figure 7. We assign six quad-equations to the faces of the coordinate cube. 
The system is said to be SD-consistent if the three values for X123 obtained 
from the equations on the right, back and top faces coincide for arbitrary 
initial data x, x\, X2, £3- 




Figure 7: A 3D consistency. 



Then, by applying the discriminant-like operators introduced in [3J 

5x,y(Q) = QxQy ~ QQxy, 0~x (h) = h% - 2hh xx , (10) 

one can make descent from the faces to the edges and then to the vertices 
of the cube: from a multiafhne polynomial Q(x±, X2, x$, X4) to a biquadratic 
polynomial h{x%,Xj) := 5 Xk)Xl (Q(xi,Xj,Xk,xi)) and further to a polynomial 
P{xi) = S Xj (h(xi, xj)) of degree up to four. By using of relative invariants 
of polynomials under fractional linear transformations, the formulae that 
express Q through the biquadratic polynomials of three edges, were derived 
in @]: 

2Q X1 _ h%h" - h\\h^ + - h%h" 

Q h 12 h^-h u h 2S ' [ ' 

A biquadratic polynomial h(x, y) is said to be nondegenerate if no poly- 
nomial in its equivalence class with respect to the fractional linear transfor- 
mations, is divisible by a factor of the form x — c or y — c, with c = const. A 
multiafhne function Q{x\, X2, £3, X4) is said to be of type Q if all four of its 
accompanying biquadratic polynomials h? k are nondegenerate. Otherwise, 
it is of type H. Previous notions were introduced in [3]. 
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Lemma 1 Given a biquadratic polynomial 

h(xi,x 2 ) =h 22 x\x\ + h 2 \x\x 2 + h\iX\x\ + h 20 xf + h§ 2 x\ + hnxix 2 
+ h\ Q x\ + h 01 x 2 + /i 00 

satisfying the condition: 

5 xi (h) =P(x 2 ), <y a!a (fc)=P(xi) (13) 

where the discriminant S Xi (h) is given byUty) and P{xi) is a nonzero poly- 
nomial of degree up to four in the canonical form. Then, up to the fractional 
linear transformations, h is equivalent to: 

(A) for P A (x) = (k 2 x 2 - l)(x 2 - I), 



k 2 

h = — — — x\x\ + h 20 (x 2 + x 2 ) 



4 fe£^ ' ^ ' 4/i 20 
^(2/i 20 - l)(2/i 20 + l)(2/i 20 - k)(2h 20 + k) 

± XlX 2 , 

^20 



(14) 



(B) for P B (x) =x 2 -e 2 ,e^ 0, 



e 2 



h = h 20 (x 2 1 + x 2 ,)±Jl + 4h 2 x 1 x 2 + ——, (15) 

v 4A120 



(C) for P c (x) = x 2 , 

h = h 20 xj + h\\x\x 2 + ho2X 2 , h\ x - 4h 20 h 02 = 1, 
h = h 22 x\x\ + h\\x\x 2 + /ioo, ^11 - 4/i 22 /i o = 1, 



(16) 



(D) forP D (x) = x, 



h = ~^( X1 - X 2 ) 2 + _(xx + * 2 ) - ^3-, (17) 

(E) / rP B (x) = l, 

/i = ^20(^1 ± x 2 ) 2 + /iio(xi ± x 2 ) + /ioo, h\ Q - 4/i 20 /ioo = 1- (18) 

Proof. Proof is done by a straightforward calculation by solving the system 
of equations (fl~3]) . □ 
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We can notice that the families of polynomials h of two variables xi,x 2 
obtained in the previous Lemma depend on the additional parameter. For 
example, in the case (A), they depend on the additional free parameter /i2o- 
Correlation with strongly discriminantly separable polynomials T(xi, x%, x$) 
is achived through the additional assumption that coefficients of polynomials 
hij are quadratic functions of the parameter a. 

Now, we start with an arbitrary strongly discriminantly separable poly- 
nomial 

J 7 (xi,x 2 ,a) 

of degree two in each of three variables. We are going to construct an 
integrable quad-graph which corresponds to J r (xi,x 2 ,a). In order to define 
such an integrable quad-graph we have to provide corresponding biquadratic 
polynomial h = h(xi, x%) and a multiaffine polynomial Q = Q(x±,X2, x$, X4). 

The requirement that the discriminants of h(x\,X2) do not depend on a, 
see [3], [1], will be satisfied if as a biquadratic polynomials h(xi,x 2 ) we take 

t, x J r (xi,x 2 ,a) 
h(x 1 ,x 2 ) ~ 



Proposition 2 The polynomials 

h(x 1 ,x 2 ) = == (19) 

y/P(a) 

satisfy 

5 Xl {h) = P(x 2 ), 5 X2 (h) =P(xt). 

The list of biquadratic polynomials h(xi,x 2 ) having Pi(x), I = A,B, C, D, E 
as their discriminants, is: 

(A) for P A (x) = (k 2 x 2 - l)(x 2 - 1), 

(—k 2 x\ — k 2 x 2 + 1 + k 2 x\x2)a 2 + (1 - A; 2 )xix 2 a 



hA(xi,x 2 ) 



+ 



2y/(k 2 a 2 -l)(a 2 -1) 

ry 2 I ry 2 ^.2 ™2 ™2 1 



V(fc 2 a 2 - l)(a 2 - 1) 
Remark here that hA(xi,x 2 ) = h from p4\ ) for 

h-20 



-\/k 2 a 2 



2^/cT 2 
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(B) for P B (x) = x 2 - e 2 , e / 0, 

xix 2 a + §(x 2 + x 2 , + a 2 - e 2 ) 



h B (xi,x 2 ) 



/a* — 

and /ib(xi,x 2 ) = h from [T5\) for 

h 20 



2V« 2 - e 2 

(C) forP c (x) = x 2 , 

? , s Xx 2 a 2 + [ix\x 2 a + vx\ 2 

/ici(^i,^2j = , /^ -4Xu = l, 

a 

r , , Xx 2 x\a 2 + ,uxix 2 a + 2 

hc2{xi,X2) = , -4Xu = l. 

a 

(D) /orP D (x) = x, 

(xix 2 + xia + x 2 a) + |(x 2 + x 2 . + a 2 ) 



h D (xi,x 2 ) 



2^ 

and hD(xi,x 2 ) = h from (P7\ ) for 

2-v/a 

(E) forP E {x) = l, 

h,Ei{xi,x 2 ) = \(xi + x 2 + a) 2 + fi(xi + x 2 + a) + v, /i 2 — AXv = 1, 
hE 2 (xi,x 2 ) = X(-xi + x 2 + a) 2 + n(-x\ + x 2 + a) + u, fi 2 - AXv = 1, 
h,E3(xi,x 2 ) = \(xi - x 2 + a) 2 + fi(xi - x 2 + a) + v, fi 2 - AXu = 1, 
h,E4(xi,x 2 ) = X(xi + x 2 - a) 2 + fi(xi + x 2 - a) + u, fi 2 - AXv = 1. 

Notice that polynomials hci , hci , h Ei may be rewritten as f)16|) and ()18j) : 

^C7i(^i 5 ^2) = Xax 2 + fix\x 2 H — in = ^ /;r i + i^x\x 2 + f'x 2 ;, ~~ 4AV = 1 

a 

hc2\Xi,x 2 ) = Xax l + fix\x 2 H — x 2 = A x x + [ix\x 2 + 1/ x 2 , — AXv=l 

a 

fiEi(xi,x 2 ) = A(xi + x 2 ) 2 + 2aA(xi + x 2 ) + Aa 2 + /u(xi + x 2 ) + + f 
= A(xi + x 2 ) 2 + (/i + 2aA)(xi + x 2 ) + Aa 2 + fia + v 
= A(xi + x 2 ) 2 + /i'(xi + x 2 ) + z/, // 2 - 4Az/ = 11 2 - AXv = 1, 



15 



and, in the same way for fiE2 — h>E&- 



The final problem of the reconstruction of the quad- equations of type Q 
which correspond to the strongly discriminantly separable polynomials ob- 
tained in Theorem Q] is done with a use of the formulae and with the 
polynomials h lJ replaced by h 3 . 

Here we take h 12 = hi(xi,x 2 ', a), h 23 = hj(x 2 ,x 3 ; f3), h 34 = hj(x3, x^ \ a), h 14 
/i/(xi,x 4 ;/3), for / = A,B,C,D,E. 

Theorem 2 The quad- equations of type Q that correspond to the biquadratic 
polynomials 

h(x 1 ,x 2 ;a) = j==r^ 

V p n a ) 

are given in the following list: 



Ji^/PAa) + a^PX{P) I a 2 -I p - 1 ^ 2 



Qa = feW - 1 V Fa^TV W^T {k XlXm + 1] 



/ /3 2 - 1 / /3 2 - 1 

+ V k 2 fi 2 - & lX2 + XzXA) + V k 2 p 2 - 1 ^ XlXA + X2X3 ^ 



^ k"i a 2j^2 _l { x l x 3 t" X2-L4) U, 

Qb =v a 2 - e 2 (xix 2 + X3X4) + \J ji 2 - e 2 (x\x± + x 2 z 3 ) 



0. 



aV/? 2 - e 2 + pVa 2 - e 2 . , 

H (xix 3 + x 2 xA 

e 

V/? 2 - eVa 2 - eWfi 2 - e 2 + pVa 2 - e 2 ) 
e 

Qc =(a )(x 1 x 2 + X3X4) + (/? - -)(xxxa + x 2 x 3 ) 

a p 

- (a/3 — )(x!X3 + X2X4) = 0, 

ap 

Qd =y/a(xi - x 4 )(x 2 - x 3 ) + y/^{x 1 - x 2 )(x 4 - x 3 ) 

- \fa\f^(\fa + \/~j3){xi + x 2 + x 3 + x 4 ) 

+ vW/^V" + V^)( a + V«£ + /3) = 0, 
=a(xi - x 4 )(x 2 - 23) + /3(xi - x 2 )(x 4l - 23) - a/3(a + /3) = 0. 



16 



Proof. Prom (jlip we get that when 

h 12 = h A (xi,x 2 ;a), h 23 = h A (x 2 ,x 3 ; /3), 

h u = /u(x 3 ,x 4 ;a), h 14 = h A (x 1 ,x A ; [3), 
corresponding Q is 

Qa = aiXix 2 x 3 x 4: +a e (xiX2+x 3 X4 : ) + as(xiX4 : +X2X 3 ) + ai (xiX3+X2X4)+ai G 
with 



a 1Q k 2 y/PX(ajy/PX(0) 



a 6 



k 2 a 2 /3 2 
a 10 ^P^{a)(k 2 a 2 f3 2 - 1) 



(av^W + PVPAajWa 2 - 1) 



^fc 2 /3 2 - l(a 2 - /3 2 ) 



ai6 



Pa 2 /? 2 

Recall here that Pa(x) = (k 2 x 2 — l)(x 2 — 1). Choosing 



° 10 fc 2 a 2 /? 2 - 1 

we finally get Qa- 

In the same way for the other choices h 3 = hj(xi,Xj), I = B,C,D,E 
from (fTTj) we get the expressions for Qb~Qe- 

□ 



Remark 1 The list of biquadratic polynomials from Lemma U\ contains the 
list of h's obtained in ^ as particular cases. More precisely, by plugging 



h20 = h 



into fi^[ ) it becomes 



h = — (k 2 a 2 x\x\ + 2J P A {a)xix 2 -x\-x% + a 2 ). (20) 
2a 

Next, with a choice 

h a 

"20 — Z o 

1 — cr 
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U5\) turns into 

a , 9 9 . 1 + a 2 e 2 (l — a 2 ) , , 

h = - jxf + xi)-- 2 -x 1 x 2 + ^- ^. 21 

1 — cr 1 — cr 4a 

Finally, for 

/in = 

2a 



from (17) we get 



h = ^(x 1 -x 2 ) 2 -^(x 1 +x 2 ) + ^. (22) 

T/ie expressions for h in J4H f or P(x) = x 2 and P(x) = 1 are the same as 
the corresponding h in LemmaQl 

In the same manner, the list obtained in Theorem contains the list of 
the multiaffine equations of type Q obtained in 

sn(a)sn(P)sn(a + j3) (k 2 x 1X2X3X4 + 1) — sn(a)(xix 2 + X3X4) 
- sn(/3)(xix 4 + x 2 x 3 ) + sn(a + /3)(xix 3 + x 2 x 4 ) = 0, 



(a - a 1 )(xix 2 + X3X4) + (/3 - /3 1 )(xix 4 + x 2 x 3 ) - (a/3 - a 1 j3 1 )(xix 3 + x 2 x 4 ) 

(24) 



r 

+ -(a - a" 1 )^ - /9 _1 )(a/9 - a" 1 /?" 1 ) = 0, 



a(xi - x 4 )(x 2 - x 3 ) + /3(xi - x 2 )(x 4 - x 3 ) - a/3(a + /3)(xi + x 2 + x 3 + x 4 ) 
+ a/3(a + /3)(a 2 + a/3 + /3 2 ) = 0, 

(25) 



a(xi - x 4 )(x 2 - x 3 ) + /3(xi - x 2 )(x 4 - x 3 ) - <5a/3(a + (5) = 0. (26) 

In order to see the correspondence between Qa = and l\23\) we need 
to go back to the system 0. In the process of solving the systems under 
the current assumptions, a step before the final solution, one comes to the 
following relation: 

a/37(/c 2 XiX2X3X 4 + l) + a(xiX2 + X3X 3 )+/3(xiX 4 + X2X3)+7(xiX3 + X 2 X 4 ) = 

(27) 
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where 



k 2 a 2 fi 2 - 1 



Then, I123\) is obtained from (21) with a i— > sn(a), \J Pa(&) sn'(a) and 
similarly for f3. If we replace the parameters a, (3 in 123\) by 



a 2 - 1 
k 2 a 2 - 1 



' (3 2 -l 
k 2 p 2 - 1 



then the correspondence of Qa and (21) is obvious. 

The correspondence of Qb and (2~4\) with 5 = e 2 is achieved with a change 



a i— > 



a 



Notice here that with the last change we get 



a — a i y 



-2y/aj - e 2 



and similarly for (5. 

Finally, a change of parameters 

a i — y \fa, f3 i y 
brings Qrj = into the form of the corresponding \25}) . 



The equation Q(x\, x 2 , X3, x 4 ) = that corresponds to the polynomial T 
given with (|7|) is obtained in [3]: 

00X1X2X3X4 + ai(xix 2 x 3 + X1X2X4 + X1X3X4 + x 2 x 3 x 4 ) + a 2 (xix 3 + x 2 x 4 ) 
+ a 2 (xix 2 + X3X4) + a 2 (xix 4 + x 2 x 3 ) + a 3 (xi + x 2 + x 3 + x 4 ) + a 4 = 0, 

where the coefficients are 

oq = a + b, a\ = —fia — ab, a 2 = j3 2 a + a 2 b, 

«fr( a + h ) . o2 fo 2 92, h 
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ab(a + b) 2 2 52 , 

a2 = W^) +ab ~ {2f] "T )a ' 

03 92 

a 3 = TT a o - -r-ai, «4 = 7^0 - #3«i, 
2 4 lb 

and a 2 = 4a 3 - 52a - 53, b 2 = 4(3 3 - g 2 f3 - g 3 . 

Previous calculations establish a relation between strongly discriminantly 
separable polynomials in three variables of degree two in each and biquadratic 
polynomials from the theory of quad-graphs which correspond to the diag- 
onal elements of table on page 11, paper [JJ. Remaining three off-diagonal 
cases of that table from [3], p. 11, appear to be connected with the symmetri- 
cally discriminantly separable polynomials (see [13] and the Introduction for 
the definition of the symmetrically discriminantly separable polynomials). 
The next Remark is devoted to that case. 

Remark 2 The three remaining, off-diagonal, biquadratic polynomials ob- 
tained in the list in Q/ ; p. 11, are: 

hi(x 1 ,x 2 ) = ax\ ± x x x 2 + 7^-, 

h 2 {xi,x 2 ) = ±7^2 - a) 2 =F xi, 
h 3 {x\, x 2 ) = Axl + [ixi + v, fj 2 -4Xi/ = l, 
with the corresponding discriminants 5 Xi (hj), i = 1,2, j = 1,2,3: 

S Xl (h 1 ) = xl, S X2 (hi) = x\ - 1, 
8 Xl (h 2 ) = l, $x 2 (h 2 ) = xi, 
S xl (h 3 ) = Q, 5 X2 (h 3 ) = l. 

The polynomials hi, h 2 , h 3 obviously do not correspond to strongly discrim- 
inantly separable polynomials. However, there are symmetrically discrimi- 
nantly separable polynomials which correspond to these cases. (The defini- 
tion of the symmetrically discriminantly separable polynomials is given in 
the Introduction.) With the correlation [T9]). we get for the case of h± : 

T 1 (xi,x 2 ,x 3 ) = x\x\ ± xix 2 x 3 + j 

with 

V X1 {T{) = x\x\, V X2 (Ti) = (xj - l)x 2 , V Xs {Ti) = (x\ - l)x 2 . 
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For the case h2, let us consider the next polynomial: 



J 7 2 {xi,x 2 ,x 3 ) = ± =F xi 

with V X1 (T 2 ) = 1, T> X2 {JF 2 ) = xi, V X3 {JF 2 ) = x\. 
Finally, for the case h% we take: 

J r 3(xi,x 2 ,x 3 ) = Ax| + (1x3 + v, fi 2 - AXv = 1 

with V xt (JF z ) = 0, T> X2 (T 3 ) = 0, V X3 (T 3 ) = 1. 

Let us underline that the correspondences established in the current Sec- 
tion, provide a two way-link between the strongly discriminantly separa- 
ble polynomials and the quad-graphs. As a benefit, we get a geometric 
interpretation of the biquadratic polynomials h from the theory of quad- 
graphs by relating them to the pencils of conies. (The pencils of conies 
appeared in the classification of the Yang-Baxter maps in [5].) Moreover, 
in the case [A], coded (1,1,1,1), when a polynomial P has four distinct 
zeros, the biquadratic polynomials of quad-graphs correspond to the two- 
valued Buchstaber-Novikov groups associated with elliptic curves, i.e. those 
defined on CP 1 . 
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